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Abstract
In this work, we present a unified framework for the performance analysis of dual-hop underwater
wireless optical communication (UWOC) systems with amplify-and-forward fixed gain relays in the
presence of air bubbles and temperature gradients. Operating under either heterodyne detection or
intensity modulation with direct detection, the UWOC is modeled by the unified mixture Exponential-
Generalized Gamma distribution that we have proposed based on an experiment conducted in an indoor
laboratory setup and has been shown to provide an excellent fit with the measured data under the
considered lab channel scenarios. More specifically, we derive the cumulative distribution function (CDF)
and the probability density function of the end-to-end signal-to-noise ratio (SNR) in exact closed-form
in terms of the bivariate Fox’s H function. Based on this CDF expression, we present novel results for
the fundamental performance metrics such as the outage probability, the average bit-error rate (BER)
for various modulation schemes, and the ergodic capacity. Additionally, very tight asymptotic results
for the outage probability and the average BER at high SNR are obtained in terms of simple functions.
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2Furthermore, we demonstrate that the dual-hop UWOC system can effectively mitigate the short range
and both temperature gradients and air bubbles induced turbulences, as compared to the single UWOC
link. All the results are verified via computer-based Monte-Carlo simulations.
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I. INTRODUCTION
Underwater wireless optical communication (UWOC) has gained a significant research atten-
tion as an appropriate and efficient transmission solution for a variety of underwater applications
including offshore oil field exploration, oceanographic data collection, maritime archaeology,
environmental monitoring, disaster prevention, and port security among others [1]. This rapidly
growing interest stems from the recent advances in signal processing, digital communication, and
low-cost visible light-emitting diodes (LEDs) and laser diodes (LD) that have the lowest atten-
uation in seawater [2]–[5]. UWOC systems, operating in the blue/green portion of the spectrum
in the 400-550 nm wavelength band, promise high data rates, low-latency, high transmission
security, and reduced energy consumption, compared with their acoustic counterparts [1], [6],
[7]. However, UWOC systems suffer from severe absorption and scattering introduced by the
underwater channel [1], [8]–[12] as well as underwater optical turbulence (UOT) that results from
rapid changes in the refractive index of the water caused by temperature fluctuations, salinity
variations as well as the presence of air bubbles in seawater [13]–[17]. As a consequence, the
received optical intensity undergoes rapid fluctuations which may degrade the UWOC system
performance and affect its reliability.
Investigating the proper statistical distribution of optical signal fluctuations due to UOT is
a fundamental challenge in UWOC. Early studies on UOT have used free-space atmospheric
turbulence models such as the Lognormal distribution to describe the irradiance fluctuations in the
underwater environment [18], [19]. In [20], the mixture Exponential-Lognormal model has been
proposed to describe the irradiance fluctuations due to air bubbles in both fresh and salty waters
in UWOC channels. However, the mathematical form of Lognormal-based distributions is not
always convenient for analytic calculations. Furthermore, the design and the performance analysis
3of such systems is much more challenging. Indeed, the application of the Exponential-Lognormal
in UWOC channels makes it very hard to obtain closed-form and easy-to-use expressions for
important performance metrics such as the outage probability and the average bit-error rate
(BER). The mathematical intractability of the Lognormal-based model becomes more evident
when we know that the assessment of BER is based on numerical methods, as closed-form
analytical expressions are not available for this model. In [21], the Weibull distribution was used
to characterize fluctuations of laser beam intensity in underwater caused by salinity gradient. The
Generalized Gamma distribution (GGD) was proposed to accurately describe both non turbulent
thermally uniform and gradient based underwater wireless optical channels in [22]. In [23], the
mixture Exponential-Gamma distribution was presented to characterize optical signal irradiance
fluctuations in underwater channel in the presence of air bubbles for uniform temperature. The
presence of the Lognormal distribution or the Gamma distribution agrees with previous studies
suggesting its use to model underwater optical channels. The Exponential distribution, is however,
less common. As shown in [23], it is used to model the loss in the received energy caused by air
bubbles. Therefore, typical single-lobe distributions cannot appropriately fit the measured data in
the presence of air bubbles, and a two-lobe statistical model is required to predict the statistical
behavior of UWOC turbulence-induced fading in all regions of the scintillation index. In [24],
different statistical distributions have been proposed to describe fading in UWOC channels under
various conditions.
In [25], we have proposed a new statistical model to characterize turbulence-induced fading
in UWOC channels in the presence of both air bubbles and temperature gradients for fresh and
salty waters, based on an experiment conducted in an indoor laboratory setup. In fact, there are
many sources of temperature gradient in the oceans. Influxes of glacial fresh water, extratropical
cyclones, and ocean currents such as Labrador and Gulf Stream [26] are a few examples of
temperature-induced turbulent UWOC channels. In this model, the channel irradiance fluctuations
are characterized by the mixture Exponential-Generalized Gamma (EGG) distribution, which
is a weighted sum of the Exponential and Generalized Gamma distributions [25]. We used
the expectation maximization (EM) algorithm to obtain the maximum likelihood parameter
estimation of the new model. We have demonstrated that this model perfectly matches the
measured data, collected under different lab channel scenarios ranging from weak to strong
turbulence conditions, for both salty as well as fresh waters. A comparison with the Exponential-
Lognormal model has been also performed, and we have shown that the proposed distribution can
4be applicable under various conditions of irradiance fluctuations considered in the experimental
setup in [25], providing a better fit to the measured data as well. Furthermore, this model
being simpler and analytically more tractable than the Exponential-Lognormal model, is more
convenient for performance analysis and design of UWOC systems. Moreover, based on reference
[21] where the Weibull distribution which is a special case of the Generalized Gamma distribution
was used to fit irradiance fluctuations data due to underwater salinity gradient, the EGG model
is expected to accurately capture a combination of air bubbles, gradient of temperature, and
gradient of salinity fluctuations, making it a unified model that can address the statistics of
optical beam irradiance fluctuations in a wide variety of turbulent underwater wireless optical
channels. In addition, when the water temperature is uniform, the received intensity of the laser
beam is best described by the mixture Exponential-Gamma distribution which is a special case
of the EGG model.
Dual-hop relaying, where an intermediate terminal relays the signal from the source terminal
to the destination terminal, can be used over UWOC links to mitigate scattering, absorption
and turbulence-induced fading and extend the viable communication range. This is due to the
fact that these impairing factors increase rapidly with distance [27]. Therefore, dividing the
long communication distance to shorter ones by means of intermediate relays is an efficient
technique to expand the coverage of underwater optical wireless sensor networks (UOWSNs)
[28] with low power requirements, increase the reliability of the UWOC link, and offer high
data-rate at the end-to-end communication. In [29], the average BER of point-to-point multi-
hop UWOC systems is investigated. The BER of relay-assisted underwater wireless optical
code-division multiple access (OCDMA) networks over turbulent channels have been addressed
in [27]. The authors in [28] investigated the connectivity of UOWSNs and its impacts on the
network localization performance. The end-to-end performance of multi-hop underwater wireless
optical networks using amplify-and-forward (AF) and the more complex decode-and-forward
(DF) relaying schemes has been investigated in [30]. Indeed, DF systems use more complex
relays that fully decode the source-relay signal and retransmit the decoded version into the
relay-destination hop. On the other hand, AF systems just amplify the incoming signal and
forward it to the second hop without performing any kind of decoding and can be classified into
two categories, namely, fixed-gain relays and channel state information (CSI)-assisted relays. AF
systems using CSI-assisted relays need instantaneous CSI of the first hop to control the relay
gain resulting in a signal with fixed power at the relay output. However, AF systems employing
5fixed gain relays do not require the knowledge of the instantaneous CSI of the first hop and use
amplifiers with fixed gains at the relays, and as a result the power of the retransmitted signal is
variable. Although AF systems equipped with fixed gain relays provide lower performance as
compared to systems using CSI-assisted relays, they have the advantage of being less complex
and easy to deploy which make them attractive from a practical standpoint [31].
However, to the best of authors’ knowledge, this is the first closed-form performance analysis
of dual-hop UWOC systems using AF fixed gain relaying over the newly proposed EGG fading
model that includes several statical models as special cases [25], where each UWOC link
operates under either the heterodyne or the intensity modulation with direct detection (IM/DD)
in the presence of air bubbles and gradient of temperature fluctuations. We propose a novel
mathematical framework to derive exact closed-form expressions for the outage probability,
the average BER for a variety of modulation schemes, and the ergodic capacity, while not
making any assumptions in our derivations, in terms of the bivariate Fox’s H function. Moreover,
our performance study provides a generalized framework for several fading channels such as
Generalized Gamma [21] and Weibull [22] distributions that we have proposed to characterize
UWOC channel fading due to temperature-induced turbulence and salinity-induced turbulence,
respectively. Furthermore, we present new and very tight asymptotic expressions for the outage
probability and the average BER in the high SNR regime in terms of simple elementary functions.
Capitalizing on these asymptotic results, we derive the diversity gain of the dual-hop UWOC
system under study.
The remainder of this paper is organized as follows. In Section II, we present the channel
and communication system model. We derive the cumulative distribution function (CDF), the
probability density function (PDF), and the moments of the end-to-end signal-to-noise ratio
(SNR) of dual-hop UWOC systems in Section III. Capitalizing on these results, we present
closed-form expressions of the outage probability, the average BER for a variety of modulation
schemes, and the ergodic capacity along with the asymptotic analysis at high SNR regime in
Section IV. Section V presents some numerical and simulation results to illustrate the mathe-
matical formalism presented in Sections III and IV. Finally, some concluding remarks are drawn
in Section VI.
6II. SYSTEM AND CHANNEL MODELS
We consider a dual-hop UWOC system, where the source node S and the destination node D
are communicating through the help of an intermediate relay node R which relays the information
signal from S to D, acting as a non-regenerative fixed gain relay. We assume that there is no
direct link between nodes S and D due to the unsatisfactory quality of the channel between
them, and the communication can be achieved only through the relay. Moreover, the optical
beam propagating through the UWOC channel is significantly affected by the scattering and
absorption effects in addition to the underwater optical turbulence caused by air bubbles and
gradient of temperature. More specifically, scattering and absorption effects attenuate the mean
irradiance of the light beam and result in path loss of the UWOC channel. On the other hand,
turbulence results in fluctuations (scintillations) of the received signal and may lead to link outage
which ultimately degrades the performance of UWOC channels [6], [32]. Under this combined
effect of absorption and scattering as well as optical turbulence, the normalized channel fading
is appropriately characterized by the mixture EGG model, based on experimental measured data
[25]. Therefore, the two UWOC hops (i.e. S-R and R-D) are subject to independent but not
necessarily identically distributed mixture EGG distribution [25]
fIi(Ii) =
ωi
λi
exp
(
−
Ii
λi
)
+ (1− ωi)
ci I
aici−1
i
baicii Γ(ai)
exp
(
−
(
Ii
bi
)ci)
, i = 1, 2, (1)
where ωi is the mixture weight or mixture coefficient of the distributions satisfying 0 < ωi < 1,
λi is the parameter associated with the Exponential distribution, ai, bi and ci are the parameters
of the Generalized Gamma distribution, and Γ(.) denotes the Gamma function for i = 1, 2.
The scintillation index for each UWOC link σ2Ii , defined as the normalized variance of the
irradiance fluctuations is given by [25, Eq.(6)]
σ2Ii = 2ωiλ
2
i + (1− ωi)b
2
i
Γ(ai +
2
ci
)
Γ(ai)
− 1. (2)
Considering both types of detection techniques (IM/DD as well as heterodyne detection), the
PDF of the instantaneous SNR at the i-th hop γi, defined as γi = (ηIi)
ri/N0i , can be derived
from (1) as [25, Eq.(21)]
fγi(γi) =
ωi
ri γi
G1,00,1

 1
λi
(
γi
µri
) 1
ri
∣∣∣∣∣∣
−
1

+ ci(1− ωi)
riΓ(ai)γi
G1,00,1

 1
bcii
(
γi
µri
) ci
ri
∣∣∣∣∣∣
−
ai

 , (3)
where η stands for the effective photoelectric conversion ratio, N0i is the power of the additive
white Gaussian noise (AWGN) at the i-th hop, ri represents the type of detection being employed
7at each hop (i.e. ri = 1 is associated with heterodyne detection and ri = 2 is associated with
IM/DD), G·,·
·,·(·) is the Meijer’s G function [33, Eq.(9.301)], and µri denotes to the average
electrical SNR of the i-th hop for i = 1, 2. In particular, for ri = 1,
µ1i = µheterodynei = E[γi] = γi, (4)
and for ri = 2,
µ2i = µIM/DDi =
γ¯i
2ωiλ
2
i + b
2
i (1− ωi)Γ (ai + 2/ci) /Γ(ai)
. (5)
Moreover, the CDF of γi can be expressed as [25, Eq.(22)]
Fγi(γi) = ωiG
1,1
1,2

 1
λi
(
γi
µri
) 1
ri
∣∣∣∣∣∣
1
1, 0

+ (1− ωi)
Γ(ai)
G1,11,2

 1
bcii
(
γi
µri
) ci
ri
∣∣∣∣∣∣
1
ai, 0

 . (6)
It is worthy to mention that in the special case of thermally uniform UWOC channels, the EGG
model simplifies to the Exponential-Gamma model and therefore, the CDF expression can be
simplified by setting ci = 1 in (6).
The end-to-end instantaneous SNR of dual-hop UWOC systems with fixed gain relays that
introduce a fixed gain to the received signal regardless of the fading amplitude on the first hop
and consequently result in a signal with variable power at the output of the relay can be written
under the assumption of negligible saturation as [31], [34]–[37]
γ =
γ1γ2
γ2 + C
, (7)
where C is a constant inversely proportional to the squared relay’s gain such that C = 1/(G2N01),
G represents the relay gain established in the connection, N01 stands for the power of the additive
white Gaussian noise (AWGN) at the first hop, and γi represents the instantaneous SNR for the
i-th hop for i = 1, 2, with the PDF and CDF given by (3) and (6), respectively. More specifically,
we consider a semi-blind fixed gain relaying system that benefits from the knowledge of the first
hop’s average fading power where the fixed gain is set equal to the average of the CSI-assisted
gain [31], [34]–[37], that is,
G2 = E
[
1
(ηI)r +N01
]
, (8)
which can be obtained in closed-form by using [38, Eq. (8.4.2/5)] then [39, Eq.(2.9.1)], and
applying [38, Eq. (2.25.1/1)] as
G2 =
1
N01

ω1H2,11,2

 1
λr11 µr1
∣∣∣∣∣∣
(1, 1)
(1, r1)(1, 1)

+ (1− ω1)
Γ(a1)
H2,11,2

 1
br11 µr1
∣∣∣∣∣∣
(1, 1)(
a1,
r1
c1
)
(1, 1)



 . (9)
8Finally, the parameter C can be easily derived from (9) as C = 1/(G2N01). It is important
to mention that semi-blind relays are more attractive than CSI-assisted relays from a practical
standpoint as they offer simplicity and ease of deployment. This is due to the fact that such
systems do not require a continuous monitoring of the channel for its instantaneous knowledge,
as compared to the CSI-assisted relaying case [31].
III. END-TO-END SNR STATISTICS
This section derives new closed-form expressions for the end-to-end SNR statistics of the dual-
hop UWOC fixed gain relaying system that accounts for air bubbles and temperature gradients
for fresh and salty waters, under both heterodyne detection and IM/DD techniques. A tractable
and very tight asymptotic approximation for the CDF of the end-to-end SNR is also provided
and in sequel the diversity order of the system is presented.
Theorem 1. (Cumulative Distribution Function). The CDF of the end-to-end SNR γ defined in
(7) can be obtained in exact closed-form by
Fγ(γ) = 1− ω1ω2H
0,1:0,1:2,0
1,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣(0, r1)(0, 1)
∣∣∣∣∣ −−(0, 1)(1, r2)
∣∣∣∣∣λ
r1
1
µr1
γ
, C
λ
r2
2
µr2


−
ω1 (1− ω2)
Γ(a2)
H0,1:0,1:2,01,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣(0, r1)(0, 1)
∣∣∣∣∣ −−(0, 1)(a2, r2c2
)
∣∣∣∣∣λ
r1
1
µr1
γ
, C
b
r2
2
µr2


−
ω2 (1− ω1)
Γ(a1)
H0,1:0,1:2,01,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣
(
1− a1,
r1
c1
)
(0, 1)
∣∣∣∣∣ −−(0, 1)(1, r2)
∣∣∣∣∣ b
r1
1
µr1
γ
, C
λ
r2
2
µr2


−
(1− ω1) (1− ω2)
Γ(a1)Γ(a2)
H0,1:0,1:2,01,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣
(
1− a1,
r1
c1
)
(0, 1)
∣∣∣∣∣ −−(0, 1)(a2, r2c2
)
∣∣∣∣∣ b
r1
1
µr1
γ
, C
b
r2
2
µr2

 ,
(10)
where H·,·:·,·:·,·
·,·:·,·:·,·[·] stands for the Fox’s H function of two variables [40], known also as the bivariate
Fox’s H function, with a MATLAB implementation presented in [41]–[43].
Proof. See Appendix A. 
It is worth noting that this closed-form result for the CDF is important and particularly useful
to evaluate the outage probability performance of the dual-hop UWOC system as will be shown in
the next section of this work. In addition, to obtain more engineering insights on the performance
9of the dual-hop UWOC system under study, we elaborate further on the asymptotic analysis at
high SNR regime in the following corollary.
Corollary 1.1. Assume that µr1 , µr2 →∞. Then, the CDF in (10) can be expressed asymptoti-
cally in the high SNR regime, in terms of simple elementary functions as
Fγ(γ) ≈
µr1 ,µr2→∞
ω1
(
γ
λr11 µr1
) 1
r1
+
(1− ω1)
Γ(a1 + 1)
(
γ
br11 µr1
)a1c1
r1
+
ω2(1− ω1)
Γ(a1)
Γ
(
a1 −
r1
c1r2
)
×
(
Cγ
br11 λ
r2
2 µr1µr2
) 1
r2
+
(1− ω2)
Γ(a2 + 1)
(
Cγ
br22 µr1µr2
) a2c2
r2

 ω1
λ
r1a2c2
r2
1
Γ
(
1−
r1a2c2
r2
)
+
(1− ω1)
Γ(a1)b
r1a2c2
r2
1
Γ
(
a1 −
r1a2c2
c1r2
) . (11)
Proof. See Appendix B. 
It is important to mention that the asymptotic expression of the CDF given in (11) includes
only summations of basic elementary functions such as the Gamma function, as compared to
the exact expression of the CDF obtained in terms of the bivariate Fox’s H function in (10),
which is a quite complex function and not a standard built-in function in most of the well-known
mathematical software tools such as MATHEMATICA and MATLAB. Moreover, the expression
in (11) is simpler and much more analytically tractable than (10), and more importantly, is
very accurate and converges perfectly to the exact result in (10) at high SNR regime, which
is illustrated in section V. Furthermore, this tractable result is of particular importance when it
comes to finding the diversity order of the dual-hop UWOC system under study that depends
on the type of receiver detection being used in each hop (i.e. r1 and r2), and the two UWOC
hop’s turbulence parameters (i.e. a1, c1, a2, and c2), that is,
Gd = min
(
1
r1
,
a1c1
r1
,
2
r2
,
2a2c2
r2
)
. (12)
Theorem 2. (Probability Density Function). By taking the derivative of (10) with respect to γ,
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the PDF of the end-to-end SNR can be shown to be given in closed-form by
fγ(γ) =
ω1ω2
γ
H0,1:0,1:2,01,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣(0, r1)(1, 1)
∣∣∣∣∣ −−(0, 1)(1, r2)
∣∣∣∣∣λ
r1
1
µr1
γ
, C
λ
r2
2
µr2


+
ω1 (1− ω2)
Γ(a2)γ
H0,1:0,1:2,01,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣(0, r1)(1, 1)
∣∣∣∣∣ −−(0, 1)(a2, r2c2
)
∣∣∣∣∣λ
r1
1
µr1
γ
, C
b
r2
2
µr2


+
ω2 (1− ω1)
Γ(a1)γ
H0,1:0,1:2,01,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣
(
1− a1,
r1
c1
)
(1, 1)
∣∣∣∣∣ −−(0, 1)(1, r2)
∣∣∣∣∣ b
r1
1
µr1
γ
, C
λ
r2
2
µr2


+
(1− ω1) (1− ω2)
Γ(a1)Γ(a2)γ
H0,1:0,1:2,01,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣
(
1− a1,
r1
c1
)
(1, 1)
∣∣∣∣∣ −−(0, 1)(a2, r2c2
)
∣∣∣∣∣ b
r1
1
µr1
γ
, C
b
r2
2
µr2

 . (13)
Proof. See Appendix C. 
Theorem 3. (Moments). The nth moments of γ defined as E[γn] =
∫
∞
0
γn fγ(γ) dγ, may be ob-
tained in closed-form in terms of the Fox’s function H·,·
·,·[·], which has an efficient MATHEMATICA
R©
implementation in [44], as
E[γn] =
(
ω1ω2
Γ(n)
Γ(1 + r1n) (λ
r1
1 µr1)
n +
ω2 (1− ω1) (b
r1
1 µr1)
n
Γ(a1)Γ(n)
Γ
(
a1 +
r1n
c1
))
× H2,11,2

 C
λr22 µr2
∣∣∣∣∣∣
(1− n, 1)
(0, 1)(1, r2)

+ (ω1 (1− ω2) Γ(1 + r1n) (λr11 µr1)n
Γ(a2)Γ(n)
+
(1− ω1) (1− ω2) (b
r1
1 µr1)
n
Γ(a1)Γ(a2)Γ(n)
Γ
(
a1 +
r1
c1
n
))
H2,11,2

 C
br22 µr2
∣∣∣∣∣∣
(1− n, 1)
(0, 1)
(
a2,
r2
c2
)

 . (14)
Proof. See Appendix D. 
Note that the above result for the moments can be used for the calculation of the higher-
order amount of fading which is an important performance measure defined in [45] as AF
(n)
γ =
E[γn]/E[γ]n − 1.
IV. PERFORMANCE METRICS
This section provides new analytical expressions for the exact and asymptotic key performance
metrics of the dual-hop UWOC system, in the presence of air bubbles and temperature gradients
for IM/DD and heterodyne techniques.
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A. Outage Probability
The outage probability is a fundamental performance measure of UWOC communication
systems. It is encountered when the end-to-end SNR, γ, falls below a certain specified threshold
γth. By setting γ = γth in (10), the end-to-end outage probability of the dual-hop UWOC system
in operation under both heterodyne detection as well as IM/DD can be easily obtained in exact
closed-form as
Pout(γth) = Fγ(γth). (15)
B. Average Bit-Error Rate
1) Exact Analysis: A generalized expression for the average BER for a variety of modulation
schemes under both heterodyne and IM/DD techniques can be expressed as [46]
Pe =
δ
2Γ(p)
n∑
k=1
∫
∞
0
Γ(p, qk γ)fγ(γ) dγ, (16)
where Γ(·, ·) is the upper incomplete Gamma function [33, Eq.(8.350/2)], n, δ, p, and qk vary
depending on the modulation technique and the type of detection (i.e IM/DD or heterodyne
detection) and are listed in [25, Table III]. It is important to mention here that for IM/DD
technique, we investigate the average BER for on-off keying (OOK) modulation since it is the
most commonly used intensity modulation technique in practical UWOC systems due to its
simplicity and resilience to laser nonlinearity. For heterodyne detection and in addition to binary
modulation schemes, we analyze the average BER for multilevel phase shift keying (MPSK) and
quadrature amplitude (MQAM) that are commonly deployed in coherent systems.
Theorem 4. (Average Bit-Error Rate). By using (16), a unified expression for the average BER
for all these modulation schemes of a dual-hop UWOC system operating under both IM/DD
and heterodyne techniques can be derived in exact closed-form in terms of the bivariate Fox’s
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H function as
Pe = δ
n∑
k=1

12 − ω1ω22Γ(p)H0,1:1,1:2,01,0:1,2:0,2

(1; 1, 1)
−−
∣∣∣∣∣ (0, r1)(p, 1)(0, 1)
∣∣∣∣∣ −−(0, 1)(1, r2)
∣∣∣∣∣qkλr11 µr1, Cλr22 µr2


−
ω1(1− ω2)
2Γ(a2)Γ(p)
H0,1:1,1:2,01,0:1,2:0,2

(1; 1, 1)
−−
∣∣∣∣∣ (0, r1)(p, 1)(0, 1)
∣∣∣∣∣ −−(0, 1)(a2, r2c2
)
∣∣∣∣∣qkλr11 µr1, Cbr22 µr2


−
ω2(1− ω1)
2Γ(a1)Γ(p)
H0,1:1,1:2,01,0:1,2:0,2

(1; 1, 1)
−−
∣∣∣∣∣
(
1− a1,
r1
c1
)
(p, 1)(0, 1)
∣∣∣∣∣ −−(0, 1)(1, r2)
∣∣∣∣∣qkbr11 µr1 , Cλr22 µr2


−
(1− ω1)(1− ω2)
2Γ(a1)Γ(a2)Γ(p)
H0,1:1,1:2,01,0:1,2:0,2

(1; 1, 1)
−−
∣∣∣∣∣
(
1− a1,
r1
c1
)
(p, 1)(0, 1)
∣∣∣∣∣ −−(0, 1)(a2, r2c2
)
∣∣∣∣∣qkbr11 µr1, Cbr22 µr2



 .
(17)
Proof. See Appendix E. 
2) High SNR Analysis: The average BER expression in (16) may be re-written in terms of
the CDF of γ by using integration by parts as
Pe =
δ
2Γ(p)
n∑
k=1
qpk
∫
∞
0
γp−1e−qkγFγ(γ) dγ. (18)
Substituting (11) into (18) then using [33, Eq.(3.381/4)], a very tight asymptotic expression of
the average BER for a variety of modulation techniques can be obtained at high SNR in terms
of basic elementary functions as shown in (19).
Pe ≈
µr1 ,µr2→∞
δω1Γ
(
p+ 1
r1
)
2Γ(p)
n∑
k=1
(
1
qkλ
r1
1 µr1
) 1
r1
+
δ(1− ω1)Γ
(
p+ a1c1
r1
)
2Γ(a1 + 1)Γ(p)
n∑
k=1
(
1
qkb
r1
1 µr1
)a1c1
r1
+
δω2(1− ω1)Γ
(
a1 −
r1
c1r2
)
Γ
(
p+ 1
r2
)
2Γ(a1)Γ(p)
n∑
k=1
(
C
qkb
r1
1 λ
r2
2 µr1µr2
) 1
r2
+
δ(1− ω2)Γ
(
p+ a2c2
r2
)
2Γ(a2 + 1)Γ(p)
×

 ω1
λ
r1a2c2
r2
1
Γ
(
1−
r1a2c2
r2
)
+
(1− ω1)
Γ(a1)b
r1a2c2
r2
1
Γ
(
a1 −
r1a2c2
c1r2
) n∑
k=1
(
C
qkb
r2
2 µr1µr2
)a2c2
r2
. (19)
C. Ergodic Capacity
The ergodic capacity of dual-hop UWOC communication systems can be given by [47,
Eq.(26)], [32, Eq.(7.43)]
C , E[ln(1 + τ γ)] =
∫
∞
0
ln(1 + τ γ)fγ(γ) dγ, (20)
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where τ = e/(2pi) is associated with the IM/DD technique (i.e. r = 2) and τ = 1 is associated
with the heterodyne detection technique (i.e. r = 1). It is worthy to mention that the expression
in (20) is exact when r = 1 while it is a lower-bound when r = 2.
Theorem 5. (Ergodic Capacity). A unified expression for the ergodic capacity of AF fixed gain
dual-hop UWOC systems over the mixture EGG fading channels can be derived in exact closed-
form in terms of the bivariate Fox’s H function as
C = ω1ω2H
0,1:1,2:2,0
1,0:2,2:0,2

(1; 1, 1)
−−
∣∣∣∣∣(0, r1)(1, 1)(1, 1)(0, 1)
∣∣∣∣∣ −−(0, 1)(1, r2)
∣∣∣∣∣τλr11 µr1, Cλr22 µr2


+
ω1 (1− ω2)
Γ(a2)
H0,1:1,2:2,01,0:2,2:0,2

(1; 1, 1)
−−
∣∣∣∣∣(0, r1)(1, 1)(1, 1)(0, 1)
∣∣∣∣∣ −−(0, 1)(a2, r2c2
)
∣∣∣∣∣τλr11 µr1 , Cbr22 µr2


+
ω2(1− ω1)
Γ(a1)
H0,1:1,2:2,01,0:2,2:0,2

(1; 1, 1)
−−
∣∣∣∣∣(1, 1)
(
1− a1,
r1
c1
)
(1, 1)(0, 1)
∣∣∣∣∣ −−(0, 1)(1, r2)
∣∣∣∣∣τbr11 µr1, Cλr22 µr2


+
(1− ω1)(1− ω2)
Γ(a1)Γ(a2)
H0,1:1,2:2,01,0:2,2:0,2

(1; 1, 1)
−−
∣∣∣∣∣(1, 1)
(
1− a1,
r1
c1
)
(1, 1)(0, 1)
∣∣∣∣∣ −−(0, 1)(a2, r2c2
)
∣∣∣∣∣τbr11 µr1, Cbr22 µr2

 .
(21)
Proof. See Appendix F. 
V. NUMERICAL RESULTS
In this section, we provide some numerical results to illustrate the outage probability, the
average BER, and the ergodic capacity of the dual-hop UWOC system in the presence of air
bubbles and temperature gradients for both fresh and salty waters under both IM/DD as well
heterodyne techniques. Monte-Carlo simulations are also included to prove the correctness of
the obtained results. Unless otherwise specified, we consider the case where the S-R and R-
D hops are balanced, i.e. γ1 = γ2 = γ. The parameter C can be evaluated using (9). The
parameters ωi, λi, ai, bi and ci with i = 1, 2 for different levels of air bubbles under thermally
uniform and gradient-based UWOC channels are obtained from laboratory experiments as listed
in [25, Table I] and [25, Table II], respectively. For readers clarification, to the best of our
knowledge, a mathematical formulation for evaluating these parameters is not available in the
open literature and can be considered as an open research challenge. It is noteworthy that the
experimental temperature gradient values reported in [22] are nearly 10 times higher than sea
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surface temperature (SST) of Gulf Stream and Kuroshio currents. According to [48], the largest
temperature difference between the reservoir of warm water at the ocean surface and the reservoir
of cold water deeper in the ocean varies between 22 ◦C and 25 ◦C. Therefore, the maximum
temperature gradient level used in our experiment in [22] mimics almost any realistic scenario
encountered in the ocean, taking into account extreme conditions as well.
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Fig. 1: Outage probability for different levels of air bubbles and gradient temperatures in the case of IM/DD technique along
with the asymptotic results at high SNR for γth = 0 dB.
Fig. 1 demonstrates the impact of the temperature gradient as well as the air bubbles on
the end-to-end outage probability of the dual-hop UWOC system operating under the IM/DD
technique. Clearly, we can observe from Fig. 1 that the analytical results provide a perfect match
to the MATLAB simulated results proving the accuracy of our derivations. As expected, it can be
shown from Fig. 1 that the higher is the level of the air bubbles and/or the temperature gradient,
the higher is the value of the scintillation index and therefore, the stronger is the turbulence
leading to a performance degradation. For instance, at SNR=30 dB, Pout = 2.71 × 10
−2 for a
temperature gradient equal to 0.05◦C.cm−1 and σ2I = 0.1484 and it increases to Pout = 4.21×10
−2
for a temperature gradient of 0.15◦C.cm−1 and σ2I = 0.1915, for a fixed bubbles level (BL), i.e.
BL=2.4 L/min. This demonstrates the role of the temperature gradient in introducing severe
irradiance fluctuations and hence severe turbulence conditions. The asymptotic results of the
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outage probability at high SNR values obtained by using (11) are also included in Fig. 1. As
clearly seen from this figure, the asymptotic results of the outage probability are in a perfect
match with the analytical results in the high SNR regime. This justifies the accuracy and the
tightness of the derived asymptotic expression in (11).
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Fig. 2: Outage Probability under various levels of air bubbles using salty water for thermally uniform UWOC channels under
both IM/DD and heterodyne techniques along with the asymptotic results at high SNR for γth = 0 dB.
Fig. 2 presents the outage probability for the dual-hop UWOC system under uniform tem-
perature, various levels of air bubbles, and for both IM/DD and heterodyne techniques using
salty water. Expectedly, it can be inferred from Fig. 2 that for a given type of detection, Pout
increases as the severity of the turbulence increases (i.e. the higher the level of air bubbles, the
higher will be the outage probability of the dual-hop UWOC system), leading to a performance
deterioration. In addition, it can also be observed that implementing heterodyne detection results
in a significant improvement in the UWOC system performance compared to IM/DD, as expected.
This performance enhancement is due the fact that heterodyne technique can better overcome the
turbulence effects which comes at the expense of complexity in implementing coherent receivers
relative to the IM/DD technique [49]. For example, for a bubbles level BL=4.7 L/min, to achieve
an outage probability of 10−3, an SNR of 30 dB is required for the heterodyne detection technique
while this increases to 55 dB in the case of the IM/DD technique.
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Fig. 3: Average BER for OOK of single UWOC and dual-hop UWOC links under various levels of air bubbles using fresh
water for thermally uniform UWOC channels operating using IM/DD technique along with the asymptotic results at high SNR.
The average BER performance of the dual-hop system with the end-to-end link length of 2 m
in operation under the IM/DD technique (i.e. r1 = 2 and r2 = 2) for different levels of air bubbles
is illustrated in Fig. 3 in the case of uniform temperature and fresh water. The asymptotic results
of the average BER of the dual-hop UWOC system at high SNR values obtained by utilizing
(19) are also shown in Fig. 3. Simulation results for a 1 m single UWOC link under the same
channel conditions are also included for comparison purposes. We can see from this figure that
the analytical results of the average BER are in a good match with the Monte-Carlo simulated
results. Moreover, it can be observed that for both dual-hop and single UWOC links, the average
BER performance degrades as the level of air bubbles increases, resulting in a severe turbulence
condition. One of the most important outcomes of Fig. 3 is that the dual-hop UWOC system,
where each hop has the length of 1 m, offers less BER performance for all channel conditions,
as compared with the single UWOC link with a total length of 1 m. This is due to the fact that
the degrading effects of scattering, absorption and turbulence-induced fading increase with the
distance. Hence, this result emphasizes the effectiveness of the dual-hop system in mitigating the
short range problem in UWOC with low power requirements and the impairment effects in the
underwater medium. Furthermore, it can be clearly seen from Fig. 3 that the asymptotic result
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of the average BER given by (19) matches perfectly the analytical closed-form result in (17) at
high SNR regime, proving the accuracy of our asymptotic analysis.
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Fig. 4: Average BER for OOK and BPSK of dual-hop UWOC systems with balanced or unbalanced hops for a bubbles level
of 4.7 L/min and a temperature gradient of 0.05 ◦C.cm−1.
Fig. 4 illustrates the effect of the power imbalance between the two hops on the BER
performance under both IM/DD with OOK and heterodyne detection with BPSK modulation
schemes. We can observe that the imbalance between the hops can be either beneficial or
deleterious for the overall system performance. More specifically, it can be seen from Fig. 4 that
there is an improvement in the average BER performance when γ2 > γ1 which is greater in the
case of heterodyne technique, and there is a degradation otherwise. In addition, it can be shown
that BPSK modulation always performs better than OOK for all SNR range, as expected.
Fig. 5 depicts the average BER performance of the dual-hop UWOC system operating under
the heterodyne detection technique (i.e. r1 = 1 and r2 = 1) for 64-QAM, 16-PSK, 16 QAM, and
BPSK modulation schemes in the case of strong turbulence conditions corresponding to a level
of bubbles equal to 4.7 L/min and a temperature gradient of 0.10 ◦C.cm−1, with a scintillation
index σ2I = 0.4769. Clearly, it can be observed from Fig. 5 that BPSK modulation offers the best
performance compared to the presented modulation techniques. In addition, it can be seen from
Fig. 5 that 16-QAM outperforms 16-PSK, as expected when M > 4 [50]. Finally, it can also be
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noticed that the derived asymptotic results at high SNR range are very tight and accurate.
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Fig. 5: Average BER for different modulation schemes of dual-hop UWOC systems operating under heterodyne detection along
with the asymptotic results at high SNR for a bubbles level of 4.7 L/min and a temperature gradient of 0.10 ◦C.cm−1.
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Fig. 6: Ergodic capacity of dual-hop UWOC systems using IM/DD for different levels of air bubbles and temperature gradients.
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The ergodic capacity of the dual-hop 2 m long UWOC system in operation under the IM/DD
technique is presented in Fig. 6 for different levels of air bubbles and temperature gradients, as-
sociated with different scintillation index values along with the Monte-Carlo simulation capacity
results of the single 1 m long UWOC link. It can be seen from this figure that as the effect
of the air bubbles and/or the gradient of temperature increases, the scintillation index increases
and therefore the ergodic capacity degrades, for both dual-hop as well as single UWOC links.
Similar to Fig. 3, it can be noticed from this figure that the turbulence-induced fading is an
incremental function of the distance. This observation justifies the advantage of dividing the
long communication distance to shorter ones by means of intermediate relays in mitigating the
short range issue and the turbulence-induced fading in UWOC.
VI. CONCLUSION
In this paper, we have studied the performance of a dual-hop UWOC system using AF
fixed-gain relaying operating under both IM/DD and heterodyne detection over mixture EGG
fading channels in the presence of both temperature gradients as well as air bubbles induced
turbulence, for both fresh as well as salty waters. The EGG model has been shown to provide
an excellent fit to the measured data acquired from an indoor laboratory experiment and has
a simple mathematical form, making it attractive from a performance analysis point of view.
We have derived closed-form expressions for the PDF and the CDF of the end-to-end SNR in
terms of the bivariate Fox’s H function. Moreover, based on these formulas, we have obtained
exact closed-form expressions for fundamental system performance metrics such as the outage
probability, the average BER for different modulation schemes, and the ergodic capacity under
different turbulence conditions for both fresh and salty waters. Moreover, we have presented very
tight asymptotic results for the obtained performance metrics at high SNR in terms of simple
elementary functions. We have also demonstrated the capability of dual-hop UWOC systems
in mitigating the short range as well as the turbulence-induced fading issues. Finally, we have
shown that the presence of air bubbles and gradient of temperature can severely degrade the
end-to-end performance of both single link as well as dual-hop UWOC links.
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APPENDIX A
PROOF OF THEOREM 1
In this appendix, we present the CDF of the overall SNR, γ, for a dual-hop UWOC system
using AF fixed gain relaying
Fγ(γ) = Pr
[
γ1γ2
γ2 + C
≤ γ
]
, (A.1)
where Pr[A] represents the probability of an event A. Then the CDF can be written as
Fγ(γ) =
∫
∞
0
Pr
[
γ1γ2
γ2 + C
≤ γ|γ2
]
fγ2(γ2) dγ2
= 1−
∫
∞
γ
F γ2
(
Cγ
x− γ
)
fγ1(x) dx, (A.2)
where F γ2 is the complementary CDF of γ2 that can be expressed using [51, Eqs.(07.34.03.0283.01),
(07.34.03.0275.01), (06.07.03.0002.01), and (07.34.03.0613.01)] as
F γ2(γ2) = ω2 exp
(
−
1
λ2
(
γ2
µr2
) 1
r2
)
+
(1− ω2)
Γ(a2)
G2,01,2

 1
bc22
(
γ2
µr2
) c2
r2
∣∣∣∣∣∣
1
a2, 0

 . (A.3)
Substituting (3) and (A.3) in (A.2), then using the change of variable z = x− γ we obtain
Fγ(γ) = 1− I1 − I2 − I3 − I4, (A.4)
with
I1 =
ω1ω2
r1
∫
∞
0
1
(z + γ)
exp
(
−
1
λ2
(
Cγ
µr2z
) 1
r2
)
G1,00,1

 1
λ1
(
z + γ
µr1
) 1
r1
∣∣∣∣∣∣
−
1

 dz. (A.5)
I2 =
ω1 (1− ω2)
r1Γ(a2)
∫
∞
0
1
(z + γ)
G1,00,1

 1
λ1
(
z + γ
µr1
) 1
r1
∣∣∣∣∣∣
−
1

G2,01,2

 1
bc22
(
Cγ
µr2z
) c2
r2
∣∣∣∣∣∣
1
a2, 0

 dz.
(A.6)
I3 =
c1ω2 (1− ω1)
r1Γ(a1)
∫
∞
0
1
(z + γ)
exp
(
−
1
λ2
(
Cγ
µr2z
) 1
r2
)
G1,00,1

 1
bc11
(
z + γ
µr1
) c1
r1
∣∣∣∣∣∣
−
a1

 dz. (A.7)
I4 =
c1 (1− ω1) (1− ω2)
r1Γ(a1)Γ(a2)
∫
∞
0
1
(z + γ)
G1,00,1

 1
bc11
(
z + γ
µr1
) c1
r1
∣∣∣∣∣∣
−
a1

G2,01,2

 1
bc22
(
Cγ
µr2z
) c2
r2
∣∣∣∣∣∣
1
a2, 0

 dz.
(A.8)
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Applying [38, Eq.(8.4.3/1)] to transform the exponential function into its correspondent Mei-
jer’s G function, utilizing [33, Eq.(9.31/2)] to inverse the argument of the Meijer’s G function,
then using the primary definition of the Meijer’s G function in [33, Eq.(9.301)], I1 can be
expressed as
I1 =
ω1ω2
r1
1
(2pii)2
∫
C1
∫
C2
Γ(1− s)Γ(t)

 1
λ1µ
1
r1
r1


s
×
(
λ2
(
µr2
Cγ
) 1
r2
)t ∫
∞
0
(z + γ)
s
r1
−1
z
t
r2 dz ds dt, (A.9)
where C1 and C2 represent the s-plane and the t-plane contours, respectively.
Applying the integral identity [33, Eq.(3.194/3)], using [33, Eq.(8.384/1)], then making the
change of variables s = s/r1, t = t/r2 with some algebraic manipulations, lead us to the
following expression of I1
I1 =
ω1ω2
(2pii)2
∫
C1
∫
C2
Γ(1 + r1s)
Γ(1 + s)
Γ(−t)Γ(1− r2t)Γ(s+ t)
(
λr11 µr1
γ
)s(
C
λr22 µr2
)t
ds dt, (A.10)
which can be represented in terms of the extended generalized bivariate Fox’s H function, H·,·:·,·:·,··,·:·,·:·,·
by means of using [40, Eq.(1.1)] as
I1 = ω1ω2H
0,1:0,1:2,0
1,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣(0, r1)(0, 1)
∣∣∣∣∣ −−(0, 1)(1, r2)
∣∣∣∣∣λ
r1
1
µr1
γ
, C
λ
r2
2
µr2

 . (A.11)
Note that when the first UWOC link is operating under the heterodyne detection technique,
i.e. r1 = 1, (A.10) simplifies to
I1 = ω1ω2
1
2pii
∫
C2
Γ(−t)Γ(1− r2t)
(
C
λr22 µr2
)t
1
2pii
∫
C1
Γ(s+ t)
(
λ1µr1
γ
)s
ds dt. (A.12)
By using the definition of the Meijer’s G function in [33, Eq.(9.301)], (A.12) can be written as
I1 =
ω1ω2
2pii
∫
C2
Γ(−t)Γ(1− r2t)G
0,1
1,0

λ1µr1
γ
∣∣∣∣∣∣
1− t
−

( C
λr22 µr2
)t
dt. (A.13)
Now, applying [51, Eq.(07.34.03.0046.01)], we get
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I1 = ω1ω2e
−
γ
λ1µr1
1
2pii
∫
C2
Γ(−t)Γ(1− r2t)
(
Cγ
λ1λ
r2
2 µr1µr2
)t
dt, (A.14)
which can be easily expressed in terms of the Fox’s H function in the special case of r1 = 1 by
utilizing [52, Eq.(1.2)] as
I1 = ω1ω2e
−
γ
λ1µr1 H2,00,2

 Cγ
λ1λ
r2
2 µr1µr2
∣∣∣∣∣∣
−−
(0, 1)(1, r2)

 . (A.15)
By utilizing [33, Eq.(9.31/2) and (9.301)] then [33, Eqs.(3.194/3) and (8.384/1)] followed by
the change of variables s = s/r1, t = c2t/r2, and finally applying [40, Eq. (1.1)], we get the
following closed-form expression of I2 in terms of the bivariate Fox’s H function as
I2 =
ω1 (1− ω2)
Γ(a2)
H0,1:0,1:2,01,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣(0, r1)(0, 1)
∣∣∣∣∣ −−(0, 1)(a2, r2c2 )
∣∣∣∣∣λ
r1
1
µr1
γ
, C
b
r2
2
µr2

 . (A.16)
In the special case where the first hop undergoes the heterodyne detection technique (i.e.
r1 = 1) and similar to I1, I2 reduces to
I2 =
ω1 (1− ω2)
Γ(a2)
e
−
γ
λ1µr1 H2,00,2

 Cγ
λ1b
r2
2 µr1µr2
∣∣∣∣∣∣
−−
(0, 1)(a2,
r2
c2
)

 . (A.17)
By using [33, Eq.(9.31/2) and (9.301)] and [33, Eqs.(3.194/3) and (8.384/1)] then the change
of variables s = c1s/r1, t = t/r2, and applying [40, Eq. (1.1)] with some simplifications, an
closed-form expression for I3 can be obtained as
I3 =
ω2 (1− ω1)
Γ(a1)
H0,1:0,1:2,01,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣
(
1− a1,
r1
c1
)
(0, 1)
∣∣∣∣∣ −−(0, 1)(1, r2)
∣∣∣∣∣ b
r1
1
µr1
γ
, C
λ
r2
2
µr2

 . (A.18)
Finally, utilizing [33, Eq.(9.31/2), (9.301), (3.194/3), and (8.384/1)] along with the change
of variables s = c1s/r1, t = c2t/r2 then employing [40, Eq. (1.1)] results in the following
expression of I4
I4 =
(1− ω1) (1− ω2)
Γ(a1)Γ(a2)
H0,1:0,1:2,01,0:1,1:0,2

(1; 1, 1)
−−
∣∣∣∣∣
(
1− a1,
r1
c1
)
(0, 1)
∣∣∣∣∣ −−(0, 1)(a2, r2c2
)
∣∣∣∣∣ b
r1
1
µr1
γ
, C
b
r2
2
µr2

 . (A.19)
Now, substituting (A.11), (A.16), (A.18), and (A.19) in (A.4) yields the desired CDF expression
of γ given in terms of the bivariate Fox’s H function in (10).
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APPENDIX B
PROOF OF COROLLARY 1.1
By using the definition of the Fox’s H function in [52, Eq.(1.1)], I1 can be written as
I1 =
ω1ω2
2pii
∫
C1
Γ(1 + r1s)
Γ(1 + s)
H2,11,2

 C
λr22 µr2
∣∣∣∣∣∣
(1− s, 1)
(0, 1)(1, r2)

(λr11 µr1
γ
)s
ds (B.1)
For high values of µr2 the Fox’s H functions in (B.1) can be approximated by means of using
the Taylor expansion of the Fox’s H function in [39, Eq.(1.8.4)] and keeping the first terms as
H2,11,2

 C
λr22 µr2
∣∣∣∣∣∣
(1− s, 1)
(0, 1)(1, r2)

 ≈
µr2→∞
Γ(s). (B.2)
Substituting (B.2) into (B.1) and applying [52, Eq.(1.1)], I1 can be rewritten as
I1 ≈
µr2→∞
ω1ω2H
0,2
2,1

λr11 µr1
γ
∣∣∣∣∣∣
(0, r1)(1, 1)
(0, 1)

 , (B.3)
which can be further simplified by using [39, Eq.(1.5.9)] yielding
I1 ≈
µr1 ,µr2→∞
ω1ω2
(
1−
(
γ
λr11 µr1
) 1
r1
)
. (B.4)
Following the same approach as in the case of I1 and applying [52, Eq.(1.1)] then [39,
Eqs.(1.8.4) and (1.5.9)] with some algebraic manipulations, we get the asymptotic expressions
of I2, I3, and I4 as
I2 ≈
µr1 ,µr2→∞
ω1(1− ω2)
(
1−
(
γ
λr11 µr1
) 1
r1
)
−
r1ω1(1− ω2)
Γ(a2 + 1)
Γ
(
1−
r1a2c2
r2
)(
Cγ
λr11 b
r2
2 µr1µr2
)a2c2
r2
.
(B.5)
I3 ≈
µr1 ,µr2→∞
ω2(1− ω1)−
ω2(1− ω1)
Γ(a1 + 1)
(
γ
br11 µr1
)a1c1
r1
−
ω2(1− ω1)
Γ(a1)
Γ
(
a1 −
r1
c1r2
)(
Cγ
br11 λ
r2
2 µr1µr2
) 1
r2
.
(B.6)
I4 ≈
µr1 ,µr2→∞
(1− ω1)(1− ω2)−
(1− ω1)(1− ω2)
Γ(a1 + 1)
(
γ
br11 µr1
)a1c1
r1
−
(1− ω1)(1− ω2)
Γ(a1)Γ(a2 + 1)
Γ
(
a1 −
r1a2c2
c1r2
)(
Cγ
br11 b
r2
2 µr1µr2
)a2c2
r2
. (B.7)
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Substituting (B.4), (B.5), (B.6), and (B.7) into (A.4) with some simplifications, we get an
accurate simple closed-form expression for the CDF at high SNR as shown by (11).
APPENDIX C
PROOF OF THEOREM 2
The PDF of the end-to-end SNR can be obtained by differentiating (10) with respect to γ as
fγ(γ) =
ω1ω2
γ(2pii)2
∫
C1
∫
C2
Γ(1 + r1s)
Γ(s)
Γ(−t)Γ(1− r2t)Γ(s+ t)
(
λr11 µr1
γ
)s(
C
λr22 µr2
)t
ds dt
+
ω1 (1− ω2)
Γ(a2)γ(2pii)2
∫
C1
∫
C2
Γ(1 + r1s)
Γ(s)
Γ(−t)Γ(s+ t)Γ
(
a2 −
r2
c2
t
)(
λr11 µr1
γ
)s(
C
br22 µr2
)t
ds dt
+
ω2(1− ω1)
Γ(a1)γ(2pii)2
∫
C1
∫
C2
Γ
(
a1 +
r1
c1
s
)
Γ(s)
Γ(−t)Γ(1 − r2t)Γ(s+ t)
(
br11 µr1
γ
)s(
C
λr22 µr2
)t
ds dt
+
(1− ω1)(1− ω2)
Γ(a1)Γ(a2)γ(2pii)2
∫
C1
∫
C2
Γ
(
a1 +
r1
c1
s
)
Γ(s)
Γ(−t)Γ
(
a2 −
r2
c2
t
)
Γ(s+ t)
(
br11 µr1
γ
)s(
C
br22 µr2
)t
ds dt.
(C.1)
Therefore, applying [40, Eq.(1.1)] we get the PDF in exact closed-form as shown in (13).
APPENDIX D
PROOF OF THEOREM 3
Using [40, Eq.(2.3)], the PDF of γ can be formulated in terms of integrals involving the
product of Fox’s H functions as
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fγ(γ) =
ω1ω2
γ
∫
∞
0
e−x
x
H0,11,1

λr11 µr1x
γ
∣∣∣∣∣∣
(0, r1)
(1, 1)

H2,00,2

 Cx
λr22 µr2
∣∣∣∣∣∣
−−
(0, 1)(1, r2)

 dx
+
ω1 (1− ω2)
Γ(a2)γ
∫
∞
0
e−x
x
H0,11,1

λr11 µr1x
γ
∣∣∣∣∣∣
(0, r1)
(1, 1)

H2,00,2

 Cx
br22 µr2
∣∣∣∣∣∣
−−
(0, 1)(a2,
r2
c2
)

 dx
+
ω2 (1− ω1)
Γ(a1)γ
∫
∞
0
e−x
x
H0,11,1

br11 µr1x
γ
∣∣∣∣∣∣
(1− a1,
r1
c1
)
(1, 1)

H2,00,2

 Cx
λr22 µr2
∣∣∣∣∣∣
−−
(0, 1)(1, r2)

 dx
+
(1− ω1) (1− ω2)
Γ(a1)Γ(a2)γ
∫
∞
0
e−x
x
H0,11,1

br11 µr1x
γ
∣∣∣∣∣∣
(1− a1,
r1
c1
)
(1, 1)

H2,00,2

 Cx
br22 µr2
∣∣∣∣∣∣
−−
(0, 1)(a2,
r2
c2
)

 dx.
(D.1)
Substituting (D.1) into the definition of the moments and utilizing [52, Eq.(1.58)] then applying
[52, Eq.(2.8)], the moments can be expressed as
E[γn] =
[
ω1ω2
Γ(n)
Γ(1 + r1n) (λ
r1
1 µr1)
n +
ω2 (1− ω1)
Γ(a1)Γ(n)
Γ
(
a1 +
r1
c1
n
)
(br11 µr1)
n
] ∫
∞
0
e−x
x1−n
× H2,00,2

 Cx
λr22 µr2
∣∣∣∣∣∣
−−
(0, 1)(1, r2)

 dx+ ∫ ∞
0
e−x
x1−n
H2,00,2

 Cx
br22 µr2
∣∣∣∣∣∣
−−
(0, 1)
(
a2,
r2
c2
)

 dx
×
[
ω1 (1− ω2)
Γ(a2)Γ(n)
Γ(1 + r1n) (λ
r1
1 µr1)
n +
(1− ω1) (1− ω2)
Γ(a1)Γ(a2)Γ(n)
Γ
(
a1 +
r1
c1
n
)
(br11 µr1)
n
]
. (D.2)
Finally, by means of employing [39, Eq.(2.8.4)] the moments can be obtained in terms of the
Fox’s H function as shown in (14).
APPENDIX E
PROOF OF THEOREM 4
Substituting (C.1) in (16) then integrating using [33, Eq.(3.381/4)], the BER can be written
as
26
Pe = δ
n∑
k=1

12 − ω1ω22Γ(p) (2pii)2
∫
C1
∫
C2
Γ(1 + r1s)Γ(p− s)
Γ(1 + s)
Γ(−t)Γ(1− r2t)Γ(s + t) (qkλ
r1
1 µr1)
s
×
(
C
λr22 µr2
)t
ds dt−
ω1 (1− ω2)
2Γ(a2)Γ(p) (2pii)
2
∫
C1
∫
C2
Γ(1 + r1s)Γ(p− s)
Γ(1 + s)
Γ(−t)Γ
(
a2 −
r2
c2
t
)
Γ(s+ t)
× (qkλ
r1
1 µr1)
s
(
C
br22 µr2
)t
ds dt−
ω2 (1− ω1)
2Γ(a1)Γ(p) (2pii)
2
∫
C1
∫
C2
Γ
(
a1 +
r1
c1
s
)
Γ(p− s)
Γ(1 + s)
Γ(−t)Γ(1 − r2t)
× Γ(s+ t) (qkb
r1
1 µr1)
s
(
C
λr22 µr2
)t
ds dt−
(1− ω1) (1− ω2)
2Γ(a1)Γ(a2)Γ(p) (2pii)
2
∫
C1
∫
C2
Γ(a1 +
r1
c1
s)Γ(p− s)
Γ(1 + s)
× Γ(−t)Γ
(
a2 −
r2
c2
t
)
Γ(s+ t) (qkb
r1
1 µr1)
s
(
C
br22 µr2
)t
ds dt
}
. (E.1)
Applying [40, Eq.(1.1)], the average BER can be derived in terms of the bivariate Fox’s H
function as shown in (17).
APPENDIX F
PROOF OF THEOREM 5
In order to obtain the ergodic capacity of γ, we first substitute (C.1) in (20) then utilizing
the Meijer’s G representation of ln(1+ τγ) as G1,22,2

τγ
∣∣∣∣∣∣
1, 1
1, 0

 [51, Eq.(07.34.03.0456.01)], and
applying the integral identity [33, Eq.(7.811/4)] yielding
C =
ω1ω2
(2pii)2
∫
C1
∫
C2
Γ(1 + r1s)Γ(s)Γ(1− s)
Γ(1 + s)
Γ(−t)Γ(1− r2t)Γ(s+ t) (τλ
r1
1 µr1)
s
(
C
λr22 µr2
)t
ds dt
+
ω1 (1− ω2)
Γ(a2)(2pii)2
∫
C1
∫
C2
Γ(1 + r1s)Γ(s)
Γ(1 + s)
Γ(1− s)Γ(−t)Γ
(
a2 −
r2
c2
t
)
Γ(s+ t) (τλr11 µr1)
s
(
C
br22 µr2
)t
× ds dt+
ω2(1− ω1)
Γ(a1)(2pii)2
∫
C1
∫
C2
Γ
(
a1 +
r1
c1
s
)
Γ(s)Γ(1− s)
Γ(1 + s)
Γ(−t)Γ(1− r2t)Γ(s + t) (τb
r1
1 µr1)
s
×
(
C
λr22 µr2
)t
ds dt+
(1− ω1)(1− ω2)
Γ(a1)Γ(a2)(2pii)2
∫
C1
∫
C2
Γ
(
a1 +
r1
c1
s
)
Γ(s)
Γ(1 + s)
Γ(1− s)Γ(−t)Γ
(
a2 −
r2
c2
t
)
× Γ(s+ t) (τbr11 µr1)
s
(
C
br22 µr2
)t
ds dt. (F.1)
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Then exploiting (1.1) from [40], the ergodic capacity of dual-hop UWOC systems can be obtained
in closed-form in terms of the bivariate Fox’s H function in (21).
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